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Abstract. The multivariable theory of nucleation [N. V. Alekseechkin, J. Chem. Phys. 124, 
124512 (2006)] is applied to the droplet nucleation in a supersaturated single-component vapor; 
the droplet volume V , temperature T , and volume change rate VU &=  are the variables of the 
theory. A new approach based on macroscopic kinetics is developed for the droplet evolution 
and results in the derived equations for U& , V& , and T& . It is shown that there is no the viscosity 
effect in the employed ideal gas approximation, so the variable U  can be omitted. The 
nonisothermal effect (the discrepancy between the actual and isothermal nucleation rates) earlier 
studied numerically is analytically examined here. The calculated steady state distribution 
function of droplets shows their average overheating relatively the vapor temperature. An inert 
background gas is shown to diminish the nonisothermal effect in comparison with a pure vapor 
case.     
 
 
1. Introduction 
 
Calculation of the nucleation rate of liquid droplets in the process of condensation of a 
supersaturated vapor [1-14] is the classical problem of the nucleation theory which starts from 
the thirties of last century [1-4] and still topical. In the case of a single-component vapor, the 
employed theory, as a rule, is (i) one-dimensional and (ii) based on the standard (microscopic) 
pattern of evolution of the new phase embryo: the change of its size occurs due to the attachment 
(with the probability +w  per unit time per unit area) and detachment (with the probability −w )  
of monomers. The probabilities +w  and −w  are related by the detailed balance 
+− −−= wNANfNwNANf eqeq )1()1()()()(                                                (1) 
from where )(Nw
−
 is found via the known probability +w . Here )(NA  is the surface area of a 
cluster consisting of N  monomers, )(Nfeq  is the equilibrium distribution function of clusters. 
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Such model leads to the equation for the distribution function )(Nf similar to the Einstein-
Smoluchowski equation in the diffusion theory [4]. In turn, the latter relates to the case of “high 
viscosity” [15]. In this connection, an interesting question of the cases of arbitrary and low 
viscosity arises which cannot be studied in the framework of the standard classical theory. This 
issue, as well as other, can be considered within a multivariable theory coupled with 
macroscopic kinetics. 
 The multivariable nucleation theory starting with the classical work of Reiss [16] has been 
developed in subsequent works [17-20]. It is important that not only the composition of a cluster 
can be the variable ix  of its description (so that a multivariable theory is identified sometimes 
with a multicomponent one), but also another state variables (volume, density, temperature, etc. 
[21]); the complete set of variables }{ ix  describing the state of an embryo is determined in a 
specific problem. In other words, the nucleation theory is multivariable even in a single-
component case. In particular, the inclusion of temperature in the theory allows investigating and 
evaluating the nonisothermal effect in nucleation [5, 6, 11-13]. 
 Rationale for the use of macroscopic kinetics in nucleation phenomena is as follows. We 
assume that the evolution of the distribution function )},({ txf i  of clusters subjected by the 
stochastic action of the thermostat (the surrounding mother phase) is described by the Fokker-
Planck equation 
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where )},({ txiJ  is the vector of the flux density of clusters in the space }{ ix . 
 The equilibrium distribution function })({ ieq xf  [19], 
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vanishing the flux (3) gives an equation for ix& : 
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Here })({ ixW  is the work of formation of the cluster in the state }{ ix ; it can be represented in 
the vicinity of the saddle point }{ ∗ix  as the quadratic form kiik xxhWW )2/1(+= ∗ ; p  is the 
number of variables ix ; 0N  is the normalizing constant of the one-dimensional distribution 
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function )( 1xfeq . D  is the matrix of “diffusivities”, its elements ijd  are assumed to be constant 
and equal to the values at the saddle point. The prefactor 0N  has been calculated in the 
framework of statistical mechanical approach [22-26] for the distribution function )(Nfeq  of 
clusters of N  molecules: 
vapvap
vap
liq NNN ζρ
ρ
≡=0                                                                  (6) 
where vapρ  and liqρ  are the densities of vapor and liquid, respectively; vapN  is the total number 
of molecules of vapor. The factor vapliq ρρζ /=  is the product of the replacement free energy 
factor, )(/ evapliq ρρ , and the inverse supersaturation factor, vapevap ρρ /)( , which are shown in ref. [23] 
to have their origins in the inclusion of the mixing entropy in the theory (the subscript (e) refers 
to the saturated vapor). The parameter ζ also plays an important role in the theory presented. 
  The steady state flux of embryos, or the nucleation rate, has been calculated in a general 
form in ref. [19]: 
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where subscript 1 relates to the unstable variable 1x  (the volume V of a cluster here), 1κ  is the 
negative eigenvalue of the matrix Z . 
 As is known [27], the velocities ix&  and diffusivities ijd  in the Fokker-Planck equation are 
defined as follows: 
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where the averaging over all possible changes ixΔ  (with the corresponding probability) in the 
value of the quantity ix  in the time tΔ  is made. Thus, despite the fact that the motion of an 
embryo in the vicinity of the saddle point is chaotic (Brownian), the averaging procedure retains 
only the regular component of this motion, i.e. the quantities ix&  and ijd  as well as eq.(5) are 
macroscopic. This means that we can use macroscopic equations of motion of an embryo in the 
space }{ ix  for calculating the quantity 1κ  and thereby the nucleation rate. The usual 
hydrodynamics serves for this purpose.  
The present report is devoted to the implementation of this program for the droplet 
nucleation in a supersaturated vapor. The paper is structured as follows. At first (Sec. 2) the 
thermodynamics of droplet formation is considered and the matrix H  is obtained. The 
hydrodynamic flow of vapor to the droplet is the subject of Sec. 3, where the droplet growth 
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equation is derived. The kinetics of droplet nucleation in the high-viscosity limit of the growth 
equation is studied in Sec. 4. Both nonisothermal and isothermal cases are considered. The 
thermal problem for a droplet is also studied here and the numerical estimate of the 
nonisothermal effect for water vapor is given. The complete growth equation (the arbitrary-
viscosity case) is examined and the estimate of the viscosity effect is obtained in Sec. 5. In Sec. 
6, the effect of a neutral background gas is studied. In Sec. 7, the steady state distribution 
function of droplets and their average temperature are calculated. The summary of results is 
given in Sec. 8.   
 
2. Thermodynamics of droplet formation 
 
2.1. Conditions of equilibrium and critical radius 
 
The pressure 0P  and the temperature 0T  characterize the supersaturated vapor state. Hereafter the 
subscript 0 refers to the vapor state; the droplet state parameters are without an index. The 
known thermodynamic conditions of equilibrium of the critical embryo (or the embryo located at 
the saddle point; its parameters are denoted by asterisk) with the parent phase were confirmed in 
ref. [28] via the nonequilibrium treatment of the cluster formation: 
0TT =∗                                                                               (9a) 
0μμ =∗                                                                              (9b) 
∗
∗
∗
≡=− LPR
PP σ20                                                                    (9c) 
where μ  is the chemical potential, σ  is the surface tension, R  is the droplet radius. 
 Eq. (9b) with account for eqs. (9a) and (9c) (asterisk is omitted), 
),(2, 00000 PTRPT μ
σμ =⎟⎠
⎞⎜⎝
⎛
+                                                         (10a) 
yields the dependence of the saturated vapor pressure on the droplet radius, )(0 RP . In practice, 
equations for the two-phase equilibrium displacement [29] are employed for deriving this and 
similar dependences; in our case this is the equation 
0μμ dd =                                                                        (10b) 
The dependence of the equilibrium surface tension on state parameters of the system “critical 
embryo + ambient phase” can be expressed in different ways: ),( 00 PTσ , ),( 0 RTσ , ),( 0 RPσ , 
),( RP
∗
σ , etc.; differential equations for all these dependences are given in ref. [29]. Considering 
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eq. (10b) at constT =0  and employing the dependence ),( 0 RTσ  in it, we have 
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where )(
0
RTσ  is the isothermal dependence of the surface tension on radius [29]; υ  is the 
volume per one molecule. We employ the approximation of incompressible liquid, so υ  does not 
depend on 0P  and R . The dependence ),( 000 TPυ  is found from the equation of state of vapor, 
0),,( 000 =TPF υ . Integration of eq. (11a) gives 
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)( 0TP∞  is the saturated vapor pressure at the planar interface ( )( 0TP∞  is the coexistence curve, or 
the binodal, on the ),( 00 PT -plane), 
0e)( 0 kT
q
refPTP
−
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=                                                                    (12) 
q
 is the heat of vaporization per one molecule (it is implied not depending on 0T ), refP  is the 
reference pressure. 
 Eq. (11b) presents the desired dependence )(0 RP  in a general form; also this is an equation 
for the critical radius value, 
∗
R , for given 0T  and 0P . Applying eq. (11b) to an ideal gas, 
00000 /),( PkTTP =υ  , 1>>ζ , we have 
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So, the form of the Kelvin equation remains for the radius-dependent surface tension also. 
However, differently from the classical Kelvin equation (with const=σ ), when ∞→0P  at 
0→R , eq. (13) gives a finite value of 0P  (the limiting supersaturation 0P ) in this case; the 
asymptotics  
RTKRT )()( 00 =σ                                                                         (14) 
with a temperature-dependent coefficient K  has to be employed at 0→R  [29, 30]. The 
difference of pressures in eq. (9c) is also finite in this limit.  
  It should be stressed that this is only qualitative arguments. In fact, the ideal gas 
approximation is hardly applicable in the region of limiting supersaturation (large value of 0P  
and small values of 
∗
R ). So, eq. (13) makes sense only at sufficiently large values of 
∗
R , when 
 6 
const=σ , and this is just the common case of its applications. The critical radius determined by 
this equation via the supersaturation 
∞
PP /0  is 
1
0
0
ln2
−
∞
∗ ⎟⎟⎠
⎞
⎜⎜⎝
⎛
=
P
P
kT
R υσ                                                                   (15a) 
If the ideal gas approximation is still valid at a small value of 
∗
R  and the dependence )(Rσ  has 
to be taken into account, then the critical radius is determined from the relation 
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Otherwise, general eq. (11b) together with an equation of state of a real gas has to be employed 
for determining the critical radius. 
It is seen that the coefficient )( 0TK  is determined by eq. (11b) also via the known limiting 
supersaturation )( 00 TP : 
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Conversely, the limiting supersaturation, or the spinodal )( 00 TP , can be calculated from the 
known function )( 0TK . We can obtain the spinodal equation by varying eq. (16) in temperature: 
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where s  is the entropy per one molecule and the subscript sp refers to the spinodal state. It can 
be also directly obtained from eq. (10b) applied to the spinodal state [30]: 
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 The above consideration concerns the supersaturation with respect to the pressure 0P  at 
constT =0 . The supersaturation with respect to the temperature 0T  at constP =0  can be 
considered similarly. Eq. (10b) with the dependence ),( 0 RPσ  reads at constP =0  as follows: 
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from where 
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where )( 0PT∞  is the equilibrium temperature for the planar interface; )(0 RPσ  is the isobaric 
dependence of the surface tension on radius [29].  
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Expanding the function )( 0TsΔ  near the binodal )( 0PT∞ , 
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where pc  is the heat capacity per one molecule, and assuming const=ρ , we can calculate the 
integral in eq. (20a). Taking only the first term of this expansion, we have  
qR
TTRT ∞
∞
−=
υσ2)(0                                                            (22) 
This relation determines the equilibrium temperature of vapor for the droplet of radius R  in the 
region of large radii (near the binodal). The critical radius 
∗
R  is determined by this equation via 
the supercooling 0TTT −=Δ ∞  of the vapor. In the region of small radii (deep supercooling), 
general eq. (20) have to be employed for the critical radius calculation.  
 It should be noted that the quantity R  is not the actual size of the new phase, but the size of 
the geometric figure bounded by the surface of tension. The difference between the locations of 
the physical and geometrical surfaces is negligible in comparison with R  at large values of R . 
However, at small values of R  comparable with the thickness of the surface layer, the size of the 
actual inhomogeneity is significantly larger than R . Therefore, the condition 0→R  is valid and 
physically realistic, so that rigorous thermodynamic relations have to involve this limit [29].  The 
parameters 
*
T , 
*
P , and 
*
μ  in eqs. (9a-c) relate to the bulk liquid phase. At a sufficiently small 
value of 
∗
R , the embryo is fully inhomogeneous and seems to consist of the surface layer only; 
there is no real bulk phase. In this case, the bulk phase is implied as a reference phase; its state is 
uniquely defined by eqs. (9a-c). Deviations of extensive thermodynamic quantities from their 
bulk values are taken into account (in Gibbs’ method) via the superficial quantities. So, the work 
of the droplet formation has the form [21] 
AVPPSSTTNNW σμμ +−−+−++−= )())(())(( 000                           (23) 
 where N  and S  are the one-sided [28] superficial number of particles and superficial entropy 
of a cluster, respectively. The role of these quantities increases with decreasing R  and becomes 
essential in the case discussed.  
 
2.2. Work near the saddle point 
 
As shown above, the matrix H  is determined by the second differential of the work at the saddle 
point. In ref. [21], the following expression for the second differential has been obtained: 
[ ] 23/42 )(
9
2 dVVgdPddTdsNWd −−−= συ                                             (24)               
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where 3/13/2 )4(3 π=g ; υNV = . 
 In the approximation of incompressible liquid, 0=υd , const=υ , only one variable 
remains from V  and N ; the cluster entropy is )(),(),( TNsTNSTVS == υ , dTTcds V )/(= . 
Thus, eq. (24) at the saddle point is 
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where 
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== VccNC VVV ρ  is the heat capacity of the critical droplet, ρ  is the molecular density 
of the liquid. Hence, the matrix H  is 
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 The matrix element 0/TcNh VTT ∗=  determines the fluctuations of the cluster temperature T  
around the mean (equilibrium) value 0T [19]: TThkTT /)( 02 =Δ . So, 
∗
=
Δ
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k
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For the water cluster ( kcV 2.9= ) consisting of =∗N 100 molecules at KT o 3000 = ,  eq. (27a) 
gives a noticeable value of  the mean square fluctuation KT o 10)( 2 =Δ . 
 The mean square energy fluctuation (known from the theory of fluctuations) for an 
incompressible droplet is 0TNkcE V ∗=Δ . The mean square fluctuation of the inverse 
temperature is 20
2 /)()/1( TTT Δ=Δ . So the thermodynamic uncertainty relation 
kTE ≥ΔΔ )/1(  known from literature is minimized for an incompressible droplet: 
k
T
E =ΔΔ 1                                                                        (27b) 
 Eq. (23) for the nucleation work and its multicomponent extension [28] were obtained for an 
arbitrary embryo state, when generally there is no equilibrium with the parent phase in any state 
parameter. Thereby they allow considering the fluctuations of different stable variables 
characterizing the embryo state and make the nucleation theory multivariable. The theory 
becomes one-dimensional, if we “forbid” the fluctuations, i.e. put ∞→0/ kThTT  in our case (the 
thermodynamic limit [19]). Another type of transition to the one-dimensional theory, the kinetic 
limit [21], is considered below.  
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 The effect of cluster energy fluctuations on the steady state nucleation rate was studied in 
ref. [6]. It should be stressed that there is no need to consider the similar effect of temperature 
fluctuations in the presented theory, since the effect of fluctuations of all stable variables on the 
nucleation rate has already been taken into account by eq. (7) via the procedure of its derivation 
in ref. [19]. We have only to consider the kinetics of heat transfer between the droplet and the 
surrounding vapor in order to calculate the quantity 1κ  in this equation. 
 
3. Droplet growth equation 
 
We consider the spherically symmetric flow of vapor with the velocity ),( tru  to the droplet; the 
vapor flux density is uj 0ρ= , 0ρ  is the vapor particle density.  Let Ru  and RP  be the vapor 
velocity and pressure at the droplet surface. For determining Ru , we have the equation 
υπ RjRdt
dV 24−=                                                             (28) 
from where  
RuR &ζ−= ,  dtdRR /≡&                                                      (29) 
 For determining RP , we employ the mass transfer equation [21] 
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where β  is the condensation coefficient (or the mass accommodation coefficient [11]), 
2/1
00 )/8( mkTu π=  is the mean thermal velocity of vapor molecules; ),( TRPeq  is the equilibrium 
pressure of the vapor for the droplet of radius R  and temperature T ; it is given by eq. (13) with 
arbitrary R  and T . From the equation υNdtdV &=/  and eq. (30), one obtains 
R
u
PTRPP eqR &
1
0),( β
ζ
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where 000 kTP ρ=  is the vapor pressure, 2/1001 )2/(4/ mkTuu π== . 
 The condition 1/ <<cu , where c  is the sound velocity, is obviously satisfied, so the vapor 
flow can be considered as incompressible; the continuity equation then reads as 0/)( 2 =∂∂ rur , 
from where 2/)(),( rtCtru = . Utilizing the boundary condition (29), we find 
R
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R
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−= ζ                                                           (32) 
 The Navier-Stokes equation for the given case is 
 10 
⎥⎦
⎤⎢⎣
⎡
−Δ+
∂
∂
−=
∂
∂
+
∂
∂
20
0
21
r
u
u
R
P
r
u
u
t
u
m
νρ                                            (33a) 
where mom 0ρρ =  is the vapor mass density, m is the molecule mass; 0ν  is the vapor kinematic 
viscosity. It is seen that the expression in square brackets in this equation (the radial component 
of the Laplacian) is equal to zero for the velocity given by eq. (32). So, we have 
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Substituting here ),( tru  from eq. (32) and then integrating eq. (33b) over R  from R  to ∞ , we 
get 
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Utilizing the boundary conditions, eq. (31) and 0PP =∞ , as well as the equality 
ωβ
π
ρβ ≡= 101
0 2 u
u
P
m
                                                             (35) 
we arrive at the following equation: 
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where mm 0ζρρ =  is the liquid mass density. 
 Eq. (36) is similar to the corresponding equation for the bubble dynamics in a liquid [21] 
except for the one significant difference: Rliq /4νω =  for the latter, where liqν  is the kinematic 
viscosity of the liquid. The viscosity comes in the equation from the boundary condition which is 
the equality of normal stresses at the bubble boundary [31]. In the case considered, the boundary 
conditions are quite different, so eq. (36) does not involve the vapor viscosity. We can formally 
define the “”effective kinematic viscosity” efν  for eq. (36) via the relation 
∗
=
R
efνω
4
,   
∗∗
== RuRef 124
1
β
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ων                                                   (37a) 
and the corresponding “effective dynamic viscosity” efη  as 
1
0
0 4 u
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mefef βρνη
∗
==                                                              (37b) 
 Passing from R  to V  and neglecting the term ~ 2V&  in the vicinity of the saddle point, we get 
finally: 
[ ] 3/10
3/1
),(3
V
V
g
TVPP
g
VV eq
m
&
&&
′
−−
′
=
ω
ρ
,     
3/2)4/3( π≡′g                              (38) 
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In the high-viscosity limit, we can put 0=V&&  [31], so the growth equation is 
[ ]),(03/2 TVPPgVV eq
m
−=
ωρ
&
                                                          (39a) 
In terms of R , it reads as 
[ ]),(1 0 TRPPR eq
m
−=
ωρ
&
                                                          (39b) 
Eq. (39a) gives for N&  the following equation: 
[ ]eqPPkT
uRN −= 0
0
0
2βπ&
                                                             (39c) 
i.e. eq. (30) with 0P  instead of RP . Indeed, the substitution of eq. (39b) in eq. (31) yields 
0PPR = . The deviation eqPPP −=Δ 0  of the vapor pressure from the equilibrium pressure for the 
droplet of a given radius and temperature is the cause of the droplet growth; it can be called the 
“driving force” for the droplet growth. The vapor flow in the high-viscosity limit is a 
consequence of the assumption const=0ρ  and the continuity equation.  
 
4. Nucleation kinetics in the high-viscosity limit 
 
4.1. Droplet motion equations on the (V ,T ) plane 
 
The general form of the motion equations in the vicinity of the saddle point is 
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The equation for T&  can also be written in the form [21] 
)( 0TTVaT TTT −−= λ&&                                                                   (41) 
From these equations, one obtains 
VVTTV zaz = ,    VTTTTTT zaz += λ                                                      (42) 
The symmetry condition TVVT dd =  for the matrix 
1
0/
−
= ZHD kT  (see eq. (5)) determines Ta  
from the known equation for V& : 
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T h
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a =                                                                            (43) 
 Expanding the right-hand side of eq. (39a) near the saddle point up to linear terms (the 
quantities σ  and υ are assumed constant), we find the elements VVz  and VTz . After simple 
transformations, they can be represented as follows: 
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In this representation, the parameters VVz  and VTz  look like the corresponding parameters for the 
bubble nucleation [21]. From here, the parameter Ta  is determined: 
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qkT
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V
T
~
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                                                                               (45) 
 Substituting the Ta  value in eq. (41) and replacing V&  by N&υ , we can represent this equation 
in the following forms: 
dtTTCdN
R
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dQdWdE += σ ,  dTCdE V= ,  dNRdW
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−= ,  dtTTCqdNdQ VTT )( 0−−= λ             (46b) 
The quantity 
∗
∗
= dEdTCV  is the energy increment of the critical droplet. It consists of the two 
parts in the right-hand side of eq. (46a): (i) the energy increment due to the condensation of dN  
molecules (the work of the surface increase per one molecule, 
∗
R/2υσ , is subtracted from the 
heat of vaporization) and (ii) the energy increment due to the heat exchange with the ambient 
vapor. So, eq. (46a) and, accordingly, eq. (41) for T&  are the energy balance equations, as it was 
expected. Eq. (46b) is the representation of eq. (46a) in the form of the first law of 
thermodynamics for the droplet. The same holds for the bubble nucleation [21]. 
 Writing for the heat flow 
dtTTRdtTTCVTT )(4)( 020 −=− ∗∗ απλ                                               (47) 
we find 
∗
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TT ρ
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where α  is the heat transfer coefficient. Finally, eq. (41) acquires the following form: 
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 From the above equations, the matrix Z  is completely determined: 
⎟⎟
⎟
⎠
⎞
⎜⎜
⎜
⎝
⎛
+−
−
=⎟⎟⎠
⎞
⎜⎜⎝
⎛
+
= ∗
∗
∗
∗
PP
Vc
qkT
qkNP
zaza
zz
TTL
V
L
VTTTTVVT
VTVV
~3
~
~3
0 ξλξ
ξξ
λZ  ,   0
2~~ kTq
c
kP
V
ρ⎟⎟⎠
⎞
⎜⎜⎝
⎛
≡                    (50)               
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TTVVz λ=Zdet ,   PzSp TTVV
~3ξλ ++=Z                                              (51) 
The characteristic equation is 
0det)(2 =+− ZZ κκ Sp                                                          (52) 
from where 
{ }ZZZ det4)(
2
1 2
1 −−= SpSpκ                                                   (53) 
 The thermodynamic limit ∞→0/ kThTT  mentioned above can be formally attributed to 
∞→Vc ; the mean-square temperature fluctuation, eq. (27a), then tends to zero. It is seen that 
eq. (49) in this limit has the form 0=T& , from where 0TconstT == , as it must. 
 
4.2. Isothermal limit. Zeldovich-Frenkel theory 
 
In the isothermal limit PzVVTT
~3 , ξλ >> ,  we have ZZ det)( 2 >>Sp  and 0>ZSp ; eq. (53) yields 
VVzSp
==
Z
Zdet
1κ                                                            (54) 
i.e. the theory becomes one-dimensional. Differently from the thermodynamic limit, this is the 
kinetic one, since it is determined by the rate of heat exchange between the droplet and vapor. As 
it was mentioned above, the Zeldovich-Frenkel theory corresponds to a “high-viscosity” case; in 
addition, it is isothermal. So, the limit considered here must give the nucleation-rate expression 
obtained in this theory [4]: 
)(
2 0
∗
= Nfd
kT
h
I eqNN
NN
π
                                                      (55) 
where 
βρ 103/2)( ugVwNAdNN ∗+∗ ==                                                (56a) 
  
is the coefficient of diffusion on the N -axis. 
 The elementary increment is 1=ΔN , hence ττ /1/)( 2 =Δ= NdNN , where 1−τ  is the 
frequency of monomers attachment. The droplet volume V  is employed in the presented theory, 
accordingly, τυτ //)( 22 =Δ= VdVV , since υ=ΔV  corresponds to 1=ΔN . Thus, 
NNVV dd
2υ=                                                                 (56b) 
 The coefficient VVd  is determined by the equation 
1
0
−
= ZHD kT : 
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VV
VV
VV h
zkTd 0=                                                                  (57a) 
Substituting here the obtained above expressions for VVh  and VVz , as well as employing the 
relations υρζ 0/1= , 000 kTP ρ= , 3/22 ∗∗ ′= VgR , and 92 =′gg , we get 
[ ] 22103/2 υυβρ NNVV dugVd == ∗                                                   (57b) 
in full accordance with eqs. (56a, b). 
 Multivariable nucleation-rate eq. (7) in the one-dimensional limit, 01 / kThdz VVVVVV ==κ , 
has the form 
)(
2 0
∗
= Vfd
kT
h
I eqVV
VV
π
                                                            (58) 
In view of the relations 2/υNNVV hh = , υ/)()( NfVf eqeq =  and eq. (56b), eq. (58) is identical to 
eq. (55), i.e. the nucleation rate is invariant with respect to the choice of the embryo description 
variable, as it must. So, the high-viscosity isothermal limit yields the classical Zeldovich-Frenkel 
nucleation-rate equation, as it was expected. 
 
4.3. Nonisothermal nucleation 
 
The energy balance eq. (46a) can be written for an arbitrary-size droplet also (if the temperature 
difference 0TT −  is not too large). So, the system of eqs. (36) and (49) describes the droplet 
growth and enables to find the dependence )(tR , if the heat transfer coefficient α  is known. The 
calculation of this coefficient is a separate problem. Way of describing the heat exchange 
between the droplet and surrounding vapor depends on the ratio lR / , where l  is the mean free 
path of a vapor molecule; the droplet radius R  is the characteristic size in the considered thermal 
problem. Below three cases for this ratio are considered and numerical estimates of α  and TTλ  
for water vapor at KT o 3000 =  are made. The physical properties of water and vapor together 
with some calculated parameters are given in the Table. The critical radius value cmR  10 7−
∗
=  
corresponding to the pressure supersaturation ePP =
∞
/0  is employed in all calculations. This 
value is of the order of the range of intermolecular forces and therefore assumed to be the lowest 
one, when we can use (approximately) the macroscopic (not depending on R ) surface tension; 
the dependence )(
∗
Rσ  has to be taken into account for cmR  10 7−
∗
< . Of course, precise 
calculations have to take into account the dependence )(
∗
Rσ  at cmR  10 7−
∗
≥  also, since the 
nucleation rate is very sensitive to this quantity via the exponential function; however, we are 
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interested only in the qualitative picture here. At the same time, such droplet contains about a 
hundred molecules and can be assumed as macroscopic. Also, the ideal gas approximation is 
applicable until the mean intermolecular spacing a  in the vapor becomes equal to about 
cm 10 7− . 
 The order of l  for gases under normal conditions ( barP  10 = ) is cm 10 5− . In our case, the 
vapor pressure is barePP  1.00 == ∞ . The dependence of l  on pressure is 0/1~ Pl , hence 
cml  10~ 4− .  
 
4.3.1. Hydrodynamic limit 1/ <<Rl  
 
The vapor is a continuous medium for the droplet in this case. The approximation of uniform 
temperature inside the droplet is employed here, so we consider only the external heat problem. 
Also, we use the steady approximation 0/ =∂∂ tT ; its validity is assessed below. So, we have the 
equation 
TT Δ=∇ 0χu                                                                        (59) 
with boundary conditions TRT =)(  and 0)( TT =∞ . The velocity u  is given by eq. (32) with 
some mean value of R& ; 0
0
00 / ρθχ pc=  is the vapor thermal diffusivity. The solution of this 
equation is 
r
RR
TTTTTrT //
0
/
0
0 e1e1e
)( γγγ
−
−
+
−
−
−= ,   0
2 / χζγ RR &≡                                      (60) 
The heat flux is 
)()(
1e
e
00/
/
200 TTTTRdr
dTj R
R
Rr
−=−
−
=−=
=
α
γθθ γ
γ
                                    (61) 
from where 
⎟⎠
⎞⎜⎝
⎛
=
R
f
R
γθ
α 0  ,    
1e
e
/
/
−
≡⎟⎠
⎞⎜⎝
⎛
R
R
RR
f γ
γγγ
                                                   (62)               
 In the limit 0→γ , when the convective term in eq. (59) is neglected, we have the steady 
solution of the thermal problem in an immobile gas, 
r
RTTTrT )()( 00 −+= ,   )( 00 TTRj −=
θ
                                              (63) 
from where R/0θα = ; 1)/( →Rf γ  in this case. 
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 The condition of applicability of the steady approximation is the characteristic time of heat 
propagation, 0
2 / χR , is much less than the characteristic time 1−TTλ  of the droplet temperature 
change: 1/ 0
2 <<χλ RTT . Utilizing eqs. (48) and (62), we get 
1~ 10
0
2
<<= −ζρ
ρ
χ
λ RTT
                                                                (64) 
as it must.  
 For numerical estimates, we take cmR  10 2−=  obeying the condition 1/ <<Rl .  Eq. (39b) is 
employed for estimating R& . The quantity eqP  for the given R  and 0TT =  is equal to ∞P  with 
great accuracy. So, we have scmR / 106.2 2−×=& , scm / 4.1 20 =χ , 76.2/ =Rγ , 3)/( =Rf γ . As 
is seen, the effect of vapor movement on the heat exchange becomes noticeable at sufficiently 
large values of R . Finally, Kscmerg o / 106 25×=α  and 1 2.4 −= sTTλ . 
 
4.3.2. Case of a slightly rarefied gas, 1/ <Rl   
 
In the case, when the ratio Rl /  is not very small, there exists the temperature jump TTT −=Δ 0  
on the droplet surface which is proportional to the temperature gradient in the vapor [32]: 
r
TT
∂
∂
=Δ ς                                                                    (65) 
where the temperature jump coefficient ς  is of the order of the mean free path l . Comparing this 
equation with the heat flux equation rTj ∂∂−= /0θ , we find 
)( 00 TTj −= ς
θ
                                                             (66) 
from where  
ς
θ
α 0=                                                                     (67) 
 Taking cmR  10 3−=  and cml  10~ 4−=ς  for numerical estimates, we get 
Kscmerg o / 10~ 27α  and 13 10~ −sTTλ . 
  
4.3.3. Case of a highly rarefied gas, 1/ >Rl  
 
Just this case covers nucleation phenomena; for cmR  10 7−
∗
= , we have 110~/ 3 >>Rl . 
Compared with the previous case, there is no the temperature gradient in the vapor now; we have 
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the droplet with temperature T  and the vapor with temperature 0T . The heat transfer coefficient 
is calculated in the kinetic theory of gases and has the form [11, 32] 
)2/()1( 010 kcu V +−= ρββα ε                                                       (68) 
where εβ  is the thermal accommodation coefficient of the vapor molecules. The values of β  
and εβ  reported in literature [33] for water vapor are 04.0=β  and 1=εβ . The calculated 
values of α  and TTλ  are Kscmerg o / 107.1 27×=α  and 17 102.1 −×= sTTλ . 
If the hydrodynamic expression R/0θα =  used in eq. (48) for all values of R , then TTλ  
would be proportional to 2/1 R  and equal to 110 104.1 −× s  at cmR  10 7−
∗
=  which is a strongly 
overestimated value. Thus, both the quantities α  and TTλ  increase with decreasing R , however 
the law of increasing in TTλ  is not proportional to 2/1 R  because of the different regimes of heat 
exchange at different R . 
  
4.3.4. Nonisothermal effect in nucleation 
 
Nonisothermal effect is estimated by the ratio of the actual nucleation rate I  to the isothermal 
one isoI . From eq. (7), we have 
VViso zI
I 1κψ =≡                                                                     (69) 
with 1κ  given by eq. (53). In addition to the above value of TTλ , the calculated values of VVz  and 
P~3ξ  entering in ZSp  are 15 103.4 −×−= szVV  and 17 108.3~3 −×= sPξ . Eq. (69) yields 4/1=ψ , 
i.e. the nonisothermal effect actually exists for water vapor at the given conditions.  
 It is of interest to examine the dependence of ψ  on the condensation coefficient β  
considering the latter as a free parameter of the theory. As follows from above equations, all the 
parameters entering in ZSp  contain β ;  VVz , P~3ξ β~ , whereas )1(~ βλ −TT . The dependence 
)(/)()( 1 ββκβψ VVz=  is shown in Fig. 1. At 0→β , we have the isothermal nucleation 
condition PzVVTT
~3 , ξλ >> , so that 1)( →βψ . In the opposite case 1→β , we have 
PzVVTT
~3 , ξλ << ; in addition, PzVV ~3 ξ<<  at the given conditions. Eq. (53) gives the following 
asymptotics: 
 TT
L
P
P λκ
~31
∗
−=                                                                     (70) 
 18 
i.e. nucleation is limited by the heat transfer. So, the nonisothermal effect is strongly pronounced 
in the case of β  closed to unity, since the number of reflected molecules is small and the heat is 
almost not removed from the drop. 
  Summarizing, nucleation vanishes in both the limiting cases 0→β  and 1→β  due to 
0~1 →= βκ VVz  and 0)1(~~1 →− βλκ TT , respectively.  
 
5. Arbitrary-viscosity case 
 
The variable VU &=  is used for studying the viscosity effect in nucleation; the theory presented 
in this Section is quite similar to the arbitrary-viscosity theory of bubble nucleation [31], so it is 
expounded briefly here. Equations of the droplet motion in the space },,{ UTV  are 
⎪⎩
⎪⎨
⎧
−−−−−=
−−−−−=
=−=
∗
∗
UzTTzVVzU
UzTTzVVzT
UUzV
UUUTUV
TUTTTV
VU
)()(
)()(
0
0
&
&
&
                                                  (71) 
Expanding the right-hand side of eq.(38) for VU &&& =  near the saddle point up to linear terms we 
find the coefficients in the eq. (71) for U& : 
∗
−
−=
V
z
m
UV ρ
σπζ
3
81
,   q
T
PR
z
m
UT
~
4
0
0
ρ
π
∗
= ,   2
4
∗∗
==
RR
z efUU
νω
                                (72) 
 The matrix H , eq. (26), becomes a 33×  matrix now; it is complemented by the element 
MhUU =  which is the droplet “mass”. It should be emphasized that this is not the actual mass; 
this is the “mass” with respect to the “velocity” U , so that the “kinetic energy” 2/2MU  added 
to the work of the droplet formation has the energy dimensionality. Composing the matrix 
1
0/
−
= ZHD kT  and applying to it the symmetry conditions TVVT dd = , UVVU dd −= , and 
UTTU dd −= , we get 
⎪⎩
⎪⎨
⎧
−=
=
=
−−
−−
−
11
11
1 0
Mzhz
Mhz
hz
TUTTUT
VVUV
VVTV
                                                                (73) 
 Denoting TTU az −≡  and TTTTz λ≡ , we find from eqs. (73) 0=TVz , 
∗
==
Rz
hM m
UV
VV
π
ρζ
4
                                                         (74a) 
∗
==
Vc
qkT
h
M
za
VTT
UTT
~
0
                                                         (74b) 
which is eq. (45). 
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 So, the matrix Z  is completely determined: 
⎟⎟
⎟
⎠
⎞
⎜⎜
⎜
⎝
⎛
−
−
=
UUUTUV
TTT
zzz
aλ0
100
Z                                                          (75) 
TTUVz λ=Zdet ,   UUVVUV zzz = ,  UUTT zSp += λZ                                 (76) 
 The characteristic equation is 
0det)( 23 =−+− ZZ κκκ BSp                                                  (77) 
where UVUTTUUTT zzazB ++= λ . In the isothermal limit ∞→TTλ , this equation reduces to the 
following one: 
02 =+− UVUU zz κκ                                                          (78) 
The solution of this equation, 
{ }UVUUUU zzz 421 21 +−=κ                                                        (79) 
in the low-viscosity limit UVUU zz <<
2
, or VVUU zz << , acquires the form 
UVz−=1κ                                                                     (80) 
 Substitution of eq. (80) in eq. (7) yields the low-viscosity nucleation rate 
)()(
2
0
∗∗
== VfUVf
M
kTI eqeqπ
                                                    (81) 
where MkTU π2/0=  is the mean thermal “velocity” of the droplet with the “mass” M  
moving towards the barrier (the velocity and the mass in the space with the coordinate V ). Thus, 
we have the case of Eyring’s theory of the activated complex [34]; eq. (81) corresponds to the 
inertial motion of droplets without friction over the barrier.  
 So, formally the theory yields all the results of the arbitrary-viscosity theory [31] for 
droplets also. The final and most significant step is to estimate the ratio VVUU zz /  and determine 
the conditions, when the viscosity effect is important (similarly to the nonisothermal effect, the 
viscosity effect can be defined as the discrepancy between the actual and high-viscosity 
nucleation rates).  With the use of eqs. (44a) and (72), one obtains 
1ln2
1
0
2 >>⎟⎟⎠
⎞
⎜⎜⎝
⎛
=
−
∞
P
P
z
z
VV
UU
β
πζ
                                                    (82) 
due to 1>>ζ  and 1<β . Thus, the low-viscosity and even intermediate cases cannot be realized 
in the region of applicability of the ideal gas approximation; because of the large difference in 
the specific volumes υ  and 0υ , condition (82) permits the high-viscosity case only. If the 
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viscosity effect exists for the droplet nucleation, it can be only beyond the ideal gas 
approximation. The calculation of nucleation parameters, as well as ratio (82), in this case has to 
be based on the equation of state of a real gas; Kelvin’s eq. (13) underlying the presented 
calculations has to be replaced by general eq. (11b) for )(0 RP  and ),( TRPeq .       
 
6. Effect of a neutral background gas 
 
6.1. Droplet growth equation 
 
We consider here the case, when the amount of an inert gas is much greater than the amount of 
vapor. In this case, the droplet grows due to the diffusion of vapor molecules, similarly to the 
growth of a precipitation in a dilute solution. Such situation occurs in the air, where the partial 
pressure of the saturated water vapor at KT o 3000 =  is bar 1057,3 2−× . So, if we neglect the 
solubility of the air in water (which is of the order of 510− ) and therefore consider the one-
component nucleation problem, this model describes the growth of fog droplets in the air.  
 We find the vapor density distribution )(0 rρ  around the growing droplet from the steady 
equation 0)(0 =Δ rρ  with boundary conditions 00 )( ρρ =∞  and RR ρρ =)(0 : 
r
R
r R )()( 000 ρρρρ −−=                                                           (83a) 
from where the steady flux density is 
R
D
dr
dDj R
Rr
R
ρρρ −
−=−=
=
00
                                                    (83b) 
D  is the vapor diffusion coefficient. 
The droplet growth equation is 
R
DjR RR
ρρ
υυ
−
=−=
0&
                                                        (84) 
Substituting here 0/ kTPRR =ρ  and utilizing eq. (31) for RP , we get 
[ ]),(~ 0
0
TRPP
kT
uR eq−=
υ&
,   
1
1
1
~
−
⎟⎟⎠
⎞
⎜⎜⎝
⎛
+≡
uD
R
u β                                         (85) 
Noting that mkTu ωρβυ /1/ 01 = , we have the following two limiting cases: 
[ ]
[ ]⎪⎪⎩
⎪⎪⎨
⎧
>>−
<<−
=
−
−
 )()/(      ,),(
)()/(      ,),(1
1
10
0
1
10
uDRTRPP
RkT
D
uDRTRPP
R
eq
eq
m
βυ
β
ωρ&
                                     (86) 
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The first of these equations (the fast-diffusion limit, ∞→D ) coincides with eq. (39b); it 
describes the interface-controlled growth. The second equation (the slow-diffusion limit, 
0→D ) corresponds to the diffusion-limited growth. 
 The numerical estimates are as follows. scmluD /  1~~ 20 , scmRzR VV / 10~
3−Δ=&  for 
cmRR  101.0 8−
∗
==Δ ; cmsDR / 10~)/( 7−
∗
, cmsu / 10~)( 311 −−β . Thus, the condition 
1
1)()/( −∗ << uDR β  is satisfied and the first of eqs. (86) holds. The steady approximation 
applicability condition is the characteristic time of diffusion, DR /2
∗
, much less than the 
characteristic time RR &/
∗
 of the droplet radius change: 1)/( >>
∗
RRD & . Substituting here the 
above values, we get 1010~)/( RRD &
∗
. 
 The influence of an inert gas on nucleation is determined by its participation in the heat 
exchange with the droplet and changing the nucleation work [14]. Below both these effects are 
considered. 
 
6.2. Effect of a carrier gas on nucleation work 
 
Derivation of an equation for the work W  of droplet formation in the presence of an inert carrier 
gas made according to the procedure of ref. [21] shows that the change in eq. (23) concerns only 
the PV -term: 
AVPPSSTTNNW tot σμμ +−−+−++−= )())(())(( 00 ,   gtot PPP +≡ 0               (87) 
where gP  is the carrier gas pressure. Eq. (9c) is replaced by the following one: 
∗
∗
=−
R
PP tot
σ2
                                                                (88) 
so that eq. (10a) now reads as 
),(2, 0000 PTRPT tot μ
σμ =⎟⎟⎠
⎞
⎜⎜⎝
⎛
+
∗
                                                       (89) 
In order to find the dependence of the critical radius on the inert gas pressure, )( gPR∗ , we 
consider eq. (10b) at constT =0  and constP =0 : 
02 =⎟⎟⎠
⎞
⎜⎜⎝
⎛
+
∗
R
Pd g
σ
                                                                    (90a) 
from where 
C
R
Pg =+
∗
σ2
                                                                   (90b) 
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This equation is not so simple as it seems at first sight, since the surface tension generally 
depends on both gP  and ∗R . From different types of dependences of the surface tension listed 
above, the dependences ),(
∗
RPtotσ , ),( 0 ∗RTσ , ),( 0 totPTσ  are relevant here; we choose the latter 
as the most convenient one, since at the given conditions it converts to the isothermal 
dependence on the carrier gas pressure, )(
0 gT
Pσ . From equations given in ref. [29], the 
approximate dependence )(
0 gT
Pσ  can be derived as follows: 
gpgT PKP −= 0)(0 σσ                                                             (91) 
where pK  is some coefficient, 0σ  is the surface tension at 0=gP . So, the surface tension 
decreases with increasing gP  [29] . 
The integration constant corresponds to the critical radius 0
∗
R  for 0=gP : 
0
0
02
gPR
C ≡=
∗
σ
  ,   ),( 000 TPRR ∗∗ ≡                                                    (92) 
i.e. 0
∗
R  is determined by Kelvin’s eq. (13) for the given vapor state ),( 00 TP . Thus, the desired 
dependence )( gPR∗  is 
1
0
0
0 11)(
−
∗∗ ⎟⎟⎠
⎞
⎜⎜⎝
⎛
−⎟⎟⎠
⎞
⎜⎜⎝
⎛
−=
g
g
g
p
g P
P
P
K
RPR
σ
                                             (93a) 
If 0σσ == const  is employed in eq. (90b), then 
1
0
0 1)(
−
∗∗ ⎟⎟⎠
⎞
⎜⎜⎝
⎛
−=
g
g
g P
P
RPR                                                     (93b) 
The nucleation work is determined by Gibbs’ equation )()3/4()3/1( 2 gPRAW ∗∗∗ == σπσ . 
 Eqs. (93a, b) show that the critical radius increases with increasing gP . From the condition 
that the function (93a) is ascending (and thereby has a physical meaning), it follows that the 
coefficient pK  obeys the inequality 
1
2
0 <
∗
R
K p
                                                                    (94)  
Accordingly, the nucleation work also increases and the nucleation rate exponentially decreases 
[14].  
 For water vapor at the Table conditions, we have bar 10~/ 104.1 3290 cmdynPg ×= . So, the 
considered effect of the inert gas pressure on the nucleation rate is small in the range of 
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barPg  100 ÷=  employed here. On the other hand, the ideal gas approximation validity must be 
verified for those gP -values, when this effect becomes noticeable.   
 
6.3. Effect of a carrier gas on heat exchange 
 
 The heat transfer coefficient for the two-component mixture “vapor + inert gas” is [11, 32] 
)2/()2/()1( 0
,,1,
0
10 kcukcu gVgggV +++−= ρβρββα εε                                     (95) 
where the inert gas parameters denoted by the subscript g  have the same meaning as the vapor 
parameters in the first addend; in particular, g,εβ  is the thermal accommodation coefficient of  
gas molecules. So, the TTλ  parameter increases with respect to the above value for the pure 
vapor. This is only the change in the matrix Z , since eqs. (39b) and (39a) hold in the considered 
case, as before, and the change in the critical radius is negligible. So, the nonisothermal effect 
considered above has to diminish in the presence of a neutral background gas. 
Argon is employed here as an inert gas for numerical estimates of the mentioned effect. Fig. 
2 shows the nonisothermal effect as a function of the argon pressure, )( gPψ , for different values 
of the condensation coefficient β . Since eq. (39b) is valid in both the limiting cases of 0=gP  
and 0PPg >> ,  the range of gP  in Fig.2 includes these limits. As it was expected, the deviation of 
the nucleation rate from the isothermal one decreases with increasing gP  [11]. Differently from 
the pure vapor case, nucleation does not vanish in the limit 1→β ; the heat transfer is performed 
by inert gas molecules.  
 
7. Steady state distribution function of droplets 
 
For studying the distribution function of droplets, we use the dimensionless variables 
∗∗
−= VVVx /)(  and 00 /)( TTTy −= . The matrices H  and Z  change as follows: 
2
∗
= Vhh VVxx ,  
2
0Thh TTyy =  ;  VVxx zz = , TTyy zz = ,  
∗
=
V
T
zz VTxy
0
,  
0T
V
zz TVyx
∗
=                        (96) 
 The multivariable steady state distribution function )(rsf  has been derived in ref. [19]: 
( ))( )(
2
1)( rrr φerfcff eqs = ,   )(2)( 0 e
eHr
r
bkT κ
φ −≡  ,  ⎟⎟⎠
⎞
⎜⎜⎝
⎛
=
y
x
r                                  (97) 
where )sin ,(cos θθ=e  is the unit vector of the droplets flux direction on the ) ,( yx -plane; 
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θ
θ
κ 2
2
tan1
tan)(
+
+
=
yyxx
b
hh
e                                                                 (98) 
is the barrier curvature (or the curvature of the normal section of the saddle surface) in this 
direction. So, the function )(rφ  acquires the form 
θ
θφ
2
0 tan2
)tan(),(
yyxx
yyxx
hhkT
yhxh
yx
+
+
−=                                                        (99) 
Equation for θtan  is [19] 
{ }yxxyxxyyxxyy
xy
zzzzzz
z
4)()(
2
1
tan 2 +−−−=θ                                             (100) 
 It should be recalled that eq. (97) for )(rsf  has been obtained in the vicinity of the saddle 
point; the equilibrium distribution function 
( )⎭⎬⎫⎩⎨⎧ −+−
∗
∗
=
22
0 2
11
0
0 e2
),(
yhxhW
kTyy
eq
yyxx
kT
h
Nyxf
π
ζρ                                       (101) 
contains the quadratic expansion of the work ),( yxW  in this region. We take 3.0=Δ  as the 
characteristic halfwidth of this region in x ; we cannot extend the function ),( yxfs  far beyond 
this value. Our main interest is the temperature distribution of droplets. In accordance with what 
was said just now, we define the functions 
∫ ∫
∫
Ω
∞+
∞−
Ω
Ω =
),(
),(
)(
yxdyfdx
dxyxf
yf
s
s
,    
∫ ∫
∫
Ω
∞+
∞−
Ω
Ω =
),(
),(
)(
,
yxdyfdx
dxyxf
yf
eq
eq
eq                                   (102) 
which are the temperature distributions of droplets in some region Ω  in x ; dyyf )(Ω  is the 
fraction of droplets with the temperatures in the interval ],[ dyyy +  in the region Ω . Hence, the 
mean temperature of droplets in this region is 
)1(0 += ΩΩ yTT ,   ∫+∞
∞−
ΩΩ = dyyyfy )(                                                  (103) 
It depends on the Ω -region size, which is denoted by the corresponding subscript. 
 The functions ),( yxfs  and ),( yxfeq  for the pure water vapor at the Table conditions are 
given in Fig. 3. The functions )( yfΩ  and )(, yfeq Ω  for overcritical droplets in the region 
],0[ Δ=Ω  are shown in Fig. 4. It is seen that the steady state function )( yfΩ  is shifted relatively 
the equilibrium function )(
,
yfeq Ω  to higher temperatures. This means that droplets are 
overheated in average [13]. 
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The average temperature )(βΩT  of droplets for different regions as a function of the 
condensation coefficient (considered as a free parameter of the theory) is shown in Fig. 5. The 
overheat vanishes at 0→β  (the isothermal limit); the functions )( yfΩ  and )(, yfeq Ω  in Fig. 4  
would coincide in this limit and give 0TT =Ω . It is interesting that the sharp dependence )(βΩT  
takes place for β -values less than about 1.0 , whereas for 1.0>β  the average temperature is 
almost constant. The same takes place for the dependence )(βψ  in Fig. 1: it is sharp for 1.0<β  
and then slowly drops to zero. In Fig. 6, the dependence )(βθ  of the angle between the droplets 
flux direction and the x -axes (which is the steepest descent direction of the saddle surface 
),( yxW ) on the condensation coefficient is presented; θθ =tan  at these small θ -values, so that 
the dependence of θtan  on β  is similar. The comparison of Fig.’s 5 and 6 shows the similarity 
of both the dependences, so we can assume the proportionality 
θtan~Ωy                                                                  (104) 
This assumption can be confirmed, if we expand the function ( ))( rφerfc  near the saddle point, 
( ) ),()/2(1)( yxerfc φπφ −=r , neglect the term θ2tan~  in eq. (91) and then evaluate the 
integrals in eqs. (102) and (103). 
 One more conclusion from Fig. 5 is the mean temperature is greater for larger droplets. 
Finally, Fig. 7 shows the dependence of the average temperature on the inert gas (argon) 
pressure. It is seen that the overheating decreases with increasing pressure, as it must.  
  It should be emphasized that the overheating phenomenon relates to the steady state (non-
equilibrium) distribution of droplets, so it does not contradict to the thermodynamic condition of 
equilibrium, eq. (9a), generalized in accordance with Einstein’s theory of fluctuations as 
TTT Δ±=
∗ 0                                                                  (105) 
where TΔ  is the droplet temperature fluctuations in the equilibrium state. In other words, even 
in the equilibrium state there are equal fractions of overheated and supercooled droplets, so that 
the average temperature of droplets in any region is equal to the vapor temperature 0T , 
differently from the steady state. So, there is no need to revise the fundamentals of 
thermodynamics for explaining this and other phenomena, as discussed in ref. [28]. As is seen 
from the foregoing, all the considered nucleation effects are naturally explained within the 
classical and statistical thermodynamics.  
 
8. Summary and conclusions 
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Macroscopic-kinetics approach in the theory of droplet nucleation is based on the droplet growth 
equation. This equation is derived with the use of the Navier-Stokes equation of the vapor 
movement to the droplet; it contains both V&  and V&& , i.e. this is a second-order equation similar to 
the equation for the bubble dynamics in a liquid. Differently from the latter, it does not involve 
the vapor viscosity, so that the effective viscosity is defined.  Both the high- and arbitrary-
viscosity cases of the growth equation are considered. The criterion of the viscosity effect 
significance shows that this effect is absent within the ideal gas approximation. The question 
whether or not it exists beyond this approximation requires a separate study. Thus, the theory of 
droplet nucleation in an ideal vapor is an essentially high-viscosity theory; this is a two-
dimensional ),( TV -theory. It goes into the one-dimensional )(V -theory in either thermodynamic 
( ∞→0/ kThTT ) or kinetic ( ∞→TTλ ) limits. 
 The droplet motion equations on the ),( TV -plane – equations for V&  and T& – in the near-
critical region are written using the previously developed algorithm [21] based on the linked-
fluxes analysis [6] and Onsager’s reciprocal relations. The equation for T&  obtained in this way is 
an energy balance equation, or the first law of thermodynamics, for the droplet. The two-
dimensional ),( TV -theory is shown to become the one-dimensional Zeldovich-Frenkel theory in 
the isothermal limit ∞→TTλ . For the estimate of nonisothermal effect, the problem of heat 
transfer between the droplet and the surrounding vapor is considered and the expression for the 
heat transfer coefficient in the model of a highly rarefied gas is employed. Numerical estimates 
for the water vapor show the presence of the nonisothermal effect. This effect is shown to be 
strongly pronounced for the condensation coefficient β  values closed to unity. An inert 
background gas reduces the nonisothermal effect, so that the droplet nucleation occurs even in 
the case of 1→β ; the heat is removed from the droplet by gas molecules. However, this is true 
only for a certain range of the gas pressure gP . At sufficiently high gP -values, the competing 
action of the inert carrier gas – to increase the nucleation work – manifests itself, so that the 
resulting nucleation rate decreases [14].    
 The steady state distribution function of droplets calculated in the near-critical region shows 
their overheating in average. This phenomenon, as well as the deflection of the droplets flux 
from the steepest descent direction, is also a manifestation of the nonisothermal effect. The 
superheat degree is higher for larger droplets; it decreases with increasing pressure of the 
background inert gas. 
Thus, the multivariable theory coupled with macroscopic kinetics yields the most complete 
and comprehensive picture of the droplet nucleation; it allows us to explore all the possible 
nucleation effects. 
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parameters υ , 
cm
3 
a , 
cm 
0θ , 
erg/cm s K 
Vc , 
erg/K 
∞
P , 
dyn/cm2 
0/ kTq  σ , 
erg/cm2 
water 23103 −×  8103 −×  4101.6 ×  k2.9  
vapor 191027.4 −×  7105.7 −×  31085.1 ×  k2.3  
 
41057.3 ×  
 8.17    72  
 
ζ  β  
∗
RkT0
2υσ
 
VVz , 
1−s  
TTλ , 
1−s  
UUz , 
1−s  
1u , 
cm/s 
0kT
hxx
 
0kT
hyy
 
4104.1 ×  04.0     1 5103.4 ×  7102.1 ×  13103.2 ×  4105.1 ×  6.48  1283  
 
 
Table. Physical properties of water and vapor at the temperature KT o 3000 =  together with 
calculated nucleation parameters for the droplet of critical radius cmR  10 7−
∗
=  corresponding to 
the supersaturation in pressure ePP =
∞
/0 . 
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  Fig. 1. The ratio isoII /=ψ  of the nucleation rate to the isothermal one as a function of the 
condensation coefficient β . 
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Fig. 2. The ratio isoII /=ψ  of the nucleation rate to the isothermal one as a function of the argon 
pressure gP  for different values of the condensation coefficient β ; the argon thermal 
accommodation coefficient g,εβ  is put equal to 5.0 . 
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Fig.3. Equilibrium (a), eq. (101), and steady state (b), eq. (97), distribution functions of droplets in 
the x -region ],[ ΔΔ−=Ω , 3.0=Δ , for the water vapor at the Table conditions. 
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Fig. 4. The temperature distributions )( yfΩ  (steady state, solid) and )(, yfeq Ω  (equilibrium, 
dashed), eq. (102), of overcritical droplets in the region ],0[ Δ=Ω  for the water vapor at the Table 
conditions.
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Fig. 5. The mean temperature of droplets, )(βΩT , as a function of the condensation coefficient for 
the regions ]0,[ Δ−=Ω  (dotted), ]3/,0[ Δ=Ω  (dashed), and ],0[ Δ=Ω  (solid).
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Fig. 6. Deflection of the flux of droplets from the steepest descent direction as a function of the 
condensation coefficient. 
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Fig. 7. Dependence of the mean temperature of the subcritical ( ]0,[ Δ−=Ω , dashed) and 
overcritical ( ],0[ Δ=Ω , solid) droplets in the water vapor at the Table conditions on the inert 
background gas (argon) pressure. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
